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1 Introduction

Throughout this draft, the p-adic group is denoted as G, = SL2(Q,), in which Q, is the
p-adic completion of the rational number Q. Denote the p-adic integers as Z,, where all
units are as Z*. R is identified as Q. and denotes G, = SLy(R). Let I' be a lattice of
G = G X Gp. We want to understand how the orbits of the analogue of horocyle flow
distribute over the homogeneous space X = I'\(Gs X G,), on which G x G, acts by
left translations, respectively, i.e. for a point z € X, z can be written as I'(g3,, g;), where

(9%, g;) is the representative of z. For any (guo, gp) € G, the action is defined as

['(95: 95)  (9oos Gp) = T'(959o0r 959p)-

Given each point z,, in the real homogeneous space I"\G., where I"” is a lattice of G,
the non-closed orbits starting from point z,, become asymptomatically equidistributed on
["\G+, as proven by Dani and Smillie ??. Later, around the early nineties, M. Ratner
completed the uniform distribution for unipotent flow in a series of papers over real or S-
adic Lie groups ?7?77?. For this draft, we obtain the effective version of M. Ratner’s results
in the S-adic homogeneous space. In the interest of the effective version of the equidistri-
bution problem, over the real group G, with a cocompact lattice I, such estimates were
obtained by Burger ?. Furthermore, in the more general space I''\ G, that is non-compact
but of finite volume, due to the existence of closed horocycle orbits, which are dense in
the homogeneous space I'"\ G, the rate of convergence of non-closed horocycle orbits is
sensitively dependent on the starting point ['g.,,which is known from Strémbergsson 7.
However, thanks to the totally different topological property of the p-adic space G,/K,,
the p-adic analogue of the upper half complex plane G.,/K, is called the Bruhat-Tits
tree. It has a very different nature from the hyperbolic upper half plane, more details in
Casselman ?.

The main idea to estimate the equidistribution of the horocycle flow over p-adic homo-
geneous space is to study the decay rate of matrix coefficient of unitary representation
of G, which draws attention not only in homogeneous dynamics but also in many other
fields. The representation tool that we used in the proof is collected in section [2| from the
book ?.

About the effective bound of the convergence rate of equidistribution of the non-closed
orbits of horocycle flow in the space X = I'\(G x G,,), here is the basic statement about
this problem: Let o0 : G — X be the natural projection defined by p(g) = I'g. For any
fixed point z € X, the projection o, : G — X is defined as p,(g) = zg. On G or

G, we have the usual Haar measures fi, or ji, induced from the corresponding invariant



differential form. For the product topological group G' = G, X G, the measure is defined
by product: pt = pieo ® pt,. Also denote by  the G— invariant probability measure in X
induced by p, which is defined in the standard way.

Consider the subgroups of GG, we define the maximal compact subgroup SLy(Z,) as K,

and

0 w—lp—n

H, = { ) = (é tf) €0,
H, = {hg(t;) = (; (1)) t, € @p}.

For the elements in A,, we shorten the notation as a, = a,(1,n). And we omit the

" 0
A, = {ap(w,n) — (Wp > |n € Zspand w e Z;},

variables to shorten the notation to ay,hy,, h, if they are not needed in the context.

Similarly, subgroups of G, can be defined as follows: The maximal compact subgroup
SO(2,R) is denoted as K,

Ko = {r(0) = ( cos 6 Siﬂ@) 16 eR),

—sinf cos6

e¥oo/? 0

Ay = {aoo(:coo) = ( 0 e_%o/Q) | oo € [R>0},
1t

Hy, = {hoo(too) = ( > | leo € R}v
0 1

_ L 1 0 B

H_ = {hoo(too) = ( ) |t € R}.

o 1

Fix Haar measures vo, on Hy, and v, on H,, and v on H = H,, x H,, given a function f
defined on the homogeneous space X, for z = I'(goo, gp) € X that are not in any periodic
H., x H, orbits, as the volume of B = B, x B, growing, that is defined as follow:

BOO(ROO) = {hOO(tOO) € He | |t00|oo < Roo}v
By(Ry) = {n(t,) € H, | 1], < By}
We want to study ergodic average,

Ap(f)(2) =

1
5 /Bf((hoo,hp) 2 dv.

The goal is to obtain the effective bound of the convergence rate of this average. In

the context of the product space X, a distinct methodology is required for the p-adic
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component compared to an isolated homogeneous space in the real case. In our first
proof, the idea is a continuation of Margulis-Kleinbock thickening method ?. The benefits
coming from p-adic place is that the smooth functions give us local constancy, which means
that our result is optimal in the sense of p-adic component. Here we used the Kunze-Stein
inequality, which was first studied by Cowling ? and generalized to homogeneous tree by
Alessandro Veca ?. Then combining with the well-known results for the real component
by Burger and Strombergsson 77, the quantative equidistribution of non-closed horocycle
orbits is shown in any non-compact but of finite volume homogeneous space X.

In order to avoid the loss from the thickening process, the second proof using representa-
tion by Burger is given.

Is there more history about padic work. Then explain the structure of this
paper.

Other related work?

structure of this paper

In this paper, we want to study the quantitative estimate of the equidisbution of non-closed
horocycle orbits on S-adic homogeneous space where S is a finite subset of all possible
places. The first part is to estimate the distribution of non-closed orbits of horocycle flow
on a p-adic homogeneous space by Margulis’s thickening method ?. In the second part
with more abstract representation theory, we can study the quantative equidistribution
of horocycle flow in the homogeneous space over R x Q,.

Should I add more about the basic knowledge about p-adic numbers

2 Representation theory of G

In this section, let us review the decay rate of the matrix coefficient of the unitary repre-

sentation of G, and the representation theory of the product group G x G.

Definition 1 (Tempered representation). Given a unitary representation (w, H., G), it is

called a tempered representation if there exists V dense in H,, for any v € V and € > 0,
< 7(g)v,v >€ L*T(Q).

There is a rough classification of the irreducible unitary representations of the p-adic

group G, with respect to the decay property of matrix coefficients.

Theorem 2.1 (Classification of representations of G, ?). The unitary irreducible repre-

sentations of G, denoted by (m, H), fall into the following three categories: the trivial



representation lg, the tempered representations (m, Hy), and the complementary series

representations (v*, Hy) for s € (0,1), i.e.
é; = {1} U {temerped 7 € é;} U{y"|se(0,1)}.

For the tempered representation defined above [1] its matrix coefficient has a better decay
rate. For such a class of representations of the real or p-adic group, the matrix coefficient
is bounded by the Harish-Chandra function in 7.

Theorem 2.2 (Decay rate of matrix coefficient of representation of G, = SL2(Q,) ). For
a irreducible unitary representation (7, L*(G,)) of G, then for any K,-finite vector ¢, ¢
in L*(G,), such that

< 7(an)¢,  >< Vdi(@)dk (V)] |9]]2|[][2@r (an).

in which a,, € A, and @, is denoted as the spherical function corresponding to the repre-

sentation .

And the explicit expression of the p-adic Harish-Chandra function is shown in theorem
. With the classification of the representations of G, there is an explicit asymptotic

formula for the spherical function @ in each case.

Theorem 2.3 (Asymptotic formulae of spherical functions ?). If the representation
(m, H:) of G} is tempered, then the Harish-Chandra function is

n 1((2n+ D(p—1)+2).

Similarly, for the complementary series representation (v*, Hs) of G, the spherical func-

tion has the following bound,
pn(s—l)
1—ps

For the unitary representation of the group G x G, we need to introduce some basic

®(a,) <

concepts and definitions. The study of unitary representation of G, is dependent on
Bargmann’s classification; more details can be found in 7. And the expression of a p-adic
representation is symmetric to the real part.

To study the general unitary representation, here is a short review about direct integral
decomposition of unitary representation. The discussion begins with the unitary represen-
tation of Goo. Let (Zw, piz.,) be a Borel measure space, for each £ € Zoo, (Moo g s Hoo o)

is an irreducible unitary representation of G,. The direct integral

52 D
oo Zoo
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is defined as a unitary representation (7., Hoo) of Goo. Fixed the basis

(1 0) (o 0) (0 1)
Y = ,X_ = , Xy = (2)
0 —1 10 0 0

of the corresponding Lie algebra g., of Go. And the Casimir operator is defined for the
C?-vectors in the Hilbert space H. by the formula

1
Qoo = —Z(YQ +2X, X +2X_X,).

And let A = —>" X2 € U(gs) where {X;} is any fixed basis of g.,. Then the closure

Too(A) of T (A) is a self-adjoint operator on Ho, 7.
Given an irreducible unitary representation (T ¢, Hoo .. ) of G Where H, is a separable

complex Hilbert space with basis

Boo(be) = {01 = W (€) | n € B C 27},

In this case that my ¢, is irreducible, the Casimir operator 7o ¢, (o) = Nid acts as a
scalar on the space of smooth vectors HZZ . .

According to Bargmann’s classification of irreducible unitary representations of G,

1. when A > 0,X = 2Z, the irreducible representation (7o ¢, ) with &, is a principal

series representation or a complementary representation.
2. when A = 0,3 = {0}, it is just a trivial representation.

3. When/\:%(1—%),Zz{m,m+2,m+4,...}0r {-m,—m —2,—m—4,...} it

is a discrete series representation.

Now adopting the information of irreducible representations in decomposition, for almost
all € € Z, A = A(§), the Casimir operator

7T007§(QOO) = /\(f)id

in Ho ¢ which has a basis {gbf}:)g = ¢l (&) | n € Z}. And these bases can be chosen as

K —eigenvectors, i.e.

Moo (r(6) Dl = €00
The eigenvalue A can be parameterized as follows, for a unique number s = s({.,) such
that A = s(1 — s) and Re(s) > 3,Im(s) > 0. Then s € 3 +iR if A > %, s € (3,1] if
0<A<i,s€ZifA<O.



1. Z2 U Z¢ is discrete measure spaces, for trivial moo ¢ = 1, pz. ({éx}) = 1, for any
b €20 UZ™S,

2. Z77 is finite. And there exists unique £ € Z"*, such that 7, ¢ is trivial. For all the
other £ € Z7*, we have s(¢) € (3,1),

3. For any § € Z&, ¢ is principal series representation and s(€) € 3 + iRxo.

Then given a Borel measure (Z, i), the unitary representation (m, ) of the product group

G x G) can be written as direct integral

@
7T=/ Toog @ Tpe dpz(§),
z

and the representation space is the Hilbert space H with direct integral decomposition

52
Z

Now, in the direct integral H = fz® Hooe®@Hpe dp(€), the He = Hoo ¢ ® Hp, ¢ can be further
classified only with respect to the spectrum decomposition of H.,; to the disjoint union
of Z=202"uZ.

For each irreducible representation Ho. ¢, ® H,p ¢, there are basis defined as

Poo(bec) = {0 = 0%(€) | n € 2},
0,(6) = {0 = 65 (€) | n € Z}.

And the Hilbert space Ho, ® H, contains all the functions f, ® f, defined on Z. In order
to make the definitions clearer, we use those pure tensor product functions to express the
formulae. The functions f.(§) ® f,(&) belong to the irreducible component Heo ¢ @ H, ¢
which are ®,, ® ®,-measurable, that is, < f (&), qbggg > - < f(8), qbgz) > is a measurable
function of (£, ¢) for all n,m € Z. And all the ¢, ® ®,-measurable functions satisfy that

/Z )1 duz () / 1, ()P dyiz(€) < oo.

We also assume that there exists a small eigenvalue A € (0, i) in the discrete spectrum,

where \; is denoted as the smallest one. And define s; € (%, 1) by Ap = s1(1 — s1).

Definition 2 (decay exponent of complementary series). Let s € (0,1). Then the com-

plementary series v° has an almost decay exponent
Kys =1—s
where s? is the eigenvalue of the Casimir operator.
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For a unitary representation (m, H) of Go, x G, with direct integral decomposition 7 =

[ Toce @ My e dpuz(§), there exist decay exponents

Koo = 1 — 500(5)7 Kp = 1 - Sp(g)v

for the irreducible family 7 ¢ and m,¢.

The matrix coefficient < 7(g)v, w > for ¢ = (¢, g,) and K-finite vectors v,w € H,

< / Too,& ® 7Tp,f(g) d/“'LZ(g) CU, W >
Z

:/ < Moo (Goo )V, We > + < Wy e(gpve, we) > dpz(§)
Z

For the general unitary representation (7, H, G X G,), the following theorem shows the

effective decay rate of its matrix coefficient ?.

Theorem 2.4. Given a unitary representation (mw,H), assume that there exists Ko, =
min(1 — s(§)) for the complementary series representations in the irreducible family mx ¢
and k, = min(1 — s(§)) same for the complementary series representations in the irre-

ducible family m,¢. Then for any K X Kp-finite vectors, we have

| < m((an, az) v, w >| < \/dKoow)dkoo(W)de(v)de(W)\|UH||w||5<>o(at)”°°5p(9)“",
where Zo and =, are the Harish-Chandra functions.

We also denote by ||¢||Lip the Lipschitz constant of a function ¢ on X,

o [¥(z) — )l
[l = ey doo(mry)

where for two points x = I'(¢5,, g5) and y = I'(g%,, 9¥),

doo(,y) = ig{dcm (95:79%)}

3 Effective equidistribution of horocycle flow by thick-
ening

We want to understand the effective bound of the convergence rate of Ag(f) in the S-adic
homogeneous space X by the thickening method, in which the smooth functions f are

defined as follows:



Definition 3. For the smooth functions in group G and quotient X, it is defined as
follows.

A function ¢ : G — R is smooth if for any fixed g, € G,, there exists an open subset U
of G and a smooth function ¢, : Go, — R such that ¢((geo, gp)) = 0L (goo)-

In the quotient space X, a function ¢ : X — R is smooth if for any x € X, and for any
smooth local section 07! : U € X — G where U is an open subset of X containing x
(that is, 0 o 0! = idy, the identity map on U), the composition foo : U — R is a
smooth function on U. Here, a local section o~! selects, for each point in U an element

of GG that projects to that point via o.

Observing the subgroups, it is crucial to mention that the inner automorphism &® of G,

or G given by ®,(g) = a;'ga, or ®;(g) = a;ga, ", is non-expanding in the subgroup of

pera-{(0 )}

for infinite or finite place, i.e. for any radius » > 0, consider the ball

form

By (r) ={h, | dg,(h, ap,id) <r} (3)
in H. The conjugation ®, preserves this ball: @n(Bﬁp (r)) C By, ().

Lemma 1 (Non-expanding conjugation). The conjugation ®,(g) = a, h~aya, is well

defined as non-expanding, and the same reasoning for infinite places.

Proof. For a, = P and [ “ € By ,
0 p™ t, a! P

p~™ 0 a 0 pr 0} a 0
0 p" t, a! 0 p™ pznt; al)’

the p-adic norm of left corner entry pQ”t; is shrinking after the conjugation. m

Then by taking expanding conjugation, we can change variables from
BHp(an) = {h, € Hy | dg, (id, h,) < an}’
to unit ball By, (1),
ABHp(pQ”)(fpa 2p) = /H XBHp(pzn)(hp(tp>>fp(hp +zp) di

:/H XBHP(I)(hp)f(a;Ihpanzp) dvy(hy).

P



Then we wish to use the matrix coefficient < ¢, 7(¢g™1)f, > to estimate Apy, (fp, 2p). To
pass from matrix coefficient < ¢, 7(g7") f, > to Ap,, (fp, %), we need to choose a suitable
function ¢ € S(X,). By these asymptotic formulae of the spherical functions, we can
have explicit formulae for the decay rate of matrix coefficients.

Let us choose the normalized Haar measures v, and v, in H, and A, note that H; A, H,
is open in G, = SLy(Q,). so that p, is locally the product of v°, v¢ and v, i.e. for
o€ S(Gy)

/ 0(9p) dpiy = / / / 0(h,, aphp)Alap) dvy, dvy v, (4)
HP_APHP Hp_ Ap Hp

where A(a,(w,n)) = p*". Similarly, let us choose Haar measures v_,v% on HZ, A

respectively, normalized so that p. is locally almost the product of v_, v% and v,. By
the latter, in view of Lie group 7, we mean that p., can be expressed via v_,v2 and v

[o.oRiee]

in the following way: for any ¢ € L'(Gy)

/ i (oo ) ditoc (goo)
HZ Ao Hoo

(5)
_ /H e (nasche) B (ase) i () di () dine (o)

where A is the modular function of (the non-unimodular group) Ho..
Here we recall a lemma from ? to construct the function that we used later in the proof.

However, a similar statement of the following lemma in the p-adic setting is trivial.

Lemma 2. 1. For any r > 0, there exists a non-negative function 6 € CZ_ ([RN)
such that supp(0) is inside B(r), [on 0 =1, and [|0]|; < = (+N/2)

2. Given 0, € C

comp

01(x)02(x). Then [|0]le < [[64]], [16al| ce-

(RN, 6, € €, (RY), define 0 € €=, (RY) by 6(z) =

comp comp

3. Given 0, € C°

comp

01 (21) 02 (w2). Then |0 < [|01]], [|02]1,-

(IRNl), 0, € O (IRNQ), define @ € C° (RN1+N2) by 0 (z1,x2) =

comp comp

(HS), 03 € Clsmp (Ax)

Using Lemma , one can choose non-negative functions 6 € C2 comp

comp
with
/ 0, = / 0% =1
Hy, oo

supp (6,) - supp (02,) C By (re)

such that

and at the same time

[uclle << P2
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where 0, € C>(Hy) is defined by
O (hmtoo) = 0 (h) 0% (a00) A (a00) "

In the p-adic case, for 1 > r(a,2,) > r > 0 and the fixed point z, € X, such that o, is
injective in Bg, (r(anzp)), we define r(a,2,) as the injective radius. By the above lemmal]
we can choose 0, € S(H,) and 0 € S(A,) with support By~ (r1) and By, (r2) such that

By (r1)Ba,(r2) C By (r(anz)) as defined in . And in order to normalize the integral,

XB_ _(r
- = U and ge = Py

~5 L =) ST BA )" The support of functions are explicitly defined as
Vp H; r VP P r

By, (r1) = {h, | dg,(h,,id) <},
Ba,(r2) = {ap(w,n) | dg,(ap,id) < ry}.
By the property of p-adic metric,
dg, (id, h, a,) < max{dg,(id, ap), da,(ay, h, ap) } = max{ry,ra}.

So we can just pick By~ (r1)Ba,(r2) = By (r) to simplify the argument. With the lemma,
we can choose

Qb(h;:aphpanzp) =0" (h;)ga(ap)XBHp(l)(hp)A<ap)_1» (6)

which is well-defined since the support is contained in the injective radius.

Lemma 3. The L?*-norm of the function ¢ is bounded by

1

)1/2
v, ® l/g(Bﬁ;(r))

lloll2 < (

Proof. We want to estimate the L?-norm of ¢:

1|2 = /X 6(2)? di;

2

_ /G 16(5 aphpan )| disp (3 aphy)
XB 7(T1)(h7) ro) (@
H, P ;XBAP(2)< p) dpp(h;aphp)

N /G vy (By— (1)) v4(Ba, (ra))

2
j J
= A(a,) 2| du,(h ayh
(up—(BHp(rl))yg(BAp(rQ))> BHpm)BAp(rz)BHp(l)' (ap) | dpp(hy, aphy)

X84, (1) (Pp) A(ap) ™

2
j J,
= 11| dv,dvidy,;
(Vp(BHp(Tl))VE(BAP(Tz))) BHp_(rl)XBAp(rz)XBHp(l) A
1
vy (B (11))vg(Ba,(r2))

11



1/2
_ 1 1 1/2 :
So [|¢]l2 = (VP(B ~ ug(BAp(rz))) < ( (T))) where r is smaller than the

Hy 1)) vp @vg (B

injective radius of the fixed point a,z,. O
Lemma 4. The function ¢ defined above formula (@, is K,-finite. The compact supported

function f,, which is invariant in the compact open subset W, is K,-finite, i.e. denote

the K,-dimension as
dk, (fp) = {m(kp) fp | kp € K}

And the K-dimension of functions ¢ and f are equal to group index [SLy(Z,) : W-Bp, (1)]
and [SLy(Z,) : W] respectively, i.e.

i, (0) = [SLo(Z,) : W - Big, (1)), di, (fy) = [SLa(2,) - W)

Proof. As we know, SLy(Z,) is compact open and closed in SLy(Q,), so it can be covered
finitely by W. Then we know that [SLy(Z,) : W] is finite. The same reason for dg,(¢), is
that the product of two open subgroups is open. Since W € W By, (1), then [SLy(Z,) :
WBpg,(1)] < [SLy(Z,) - W]. O

Theorem 3.1 (Convergence rate of equidistribution of orbits over p-adic field). Given
an irreducible unitary representation (m, H) of Goo X Gy, for any f € SV(X) as defined

in[3, the effective bound of distribution of non-closed horocycle orbits is

| ABg, o) (f 20) — i (@) dpp ()] < dw ( )21 fyll2@ (an).

V(B (1))

Proof. For f, € S(X,), and taking f, = f, — m pr fp(2) dfi,(z), the convergence of
the equidistribution as follows
1

Vp(BHp) BHP

f(hy - 2p)) dvp(hy) = 8 (@) dpp(),

can be turned into the estimate of the average

1

m B, fo(hy - 2p) dvy(hy). (7)

ABHp(p2”)(fpv zp) =
Then the matrix coefficient with function ¢ and f,, can be written as
<o, mlan) " fy > = ; $(@) fy(a, @) dfip(x)
= /G Oy aphanzy) oy anhyanzy) iy (hy aphy)

By the product of the Haar measure, we write the average Ag,, (f,, ) as

12



sy (s 2) = / / [0 )0 () ol ) i i
HF

- / (100 X1 (1) (o) (05 o 20) A () g (5 )

P

Then by our choice of ¢, A Bu, (fp, #p) can be approximated by the matrix coeflicient,
‘ABH fpa Zp) < ¢, (an)ilfp >|

|/ “(ap) X B, (1) ( p)fp(aglhpanzp)A(ap)il dﬂp<h;aphp)_
/ (hp )0* (%)XBH (1)(h )A(ap)_lfp(arjlh;aphpanzp) dﬂp(h;aphp”

|/ “(ap) XBup, (1 )(hp)A(ap)_l(fp(arzlhpanzﬁ folay, 1h pQn Oy, 'h pnZp)) dip]

For the function f,, we assume that it is W-invariant, where W contains B gp(r). So
Apy (fpr2p) =< ¢, w(a, ) f, > inside of the injective radius ball r(a,z,) due to the non-
expanding conjugation lemma . The bound of Ag,, (fy,2,) is obtained using the formula
of the decay rate of matrix coefficient in the theorem [2.2] but we need to determine that
¢ and f, are K-finite as the following lemma @

With the explicit K,-dimension dg, (¢), dk,(f,) and estimation of norm of ¢ in lemma ,

the bound of our horocycle avaerage Agp,, (fp, #p) is given by:

| Ay, (fp: 2p) — i f (@) dpp ()] <\ dic (@) dic (fo)l| ]| | fol |2 (an),

= i ) Gy Il (o)
= 1912(Z,) - Wy Ml ()

]

Theorem 3.2. For general X, the theorem is not clear because this also needs

more lemma about the height function.

Proof. The horocycle average Ag(f) can be rewritten by using the measure decomposition

formulae,

U(B)AB(f)(F(QOO7gp>):/ : f((hoo, hp) - T(Goc, p) dVeo (oo ) dvy(hip)

/ / O((hatochoes by phy) - T(gocs gp)

a hOOa’oo ) nlh an) - F(gomgp) dVoo(hoo) d’/p(hp)a

13



where the function ¢((AL techest s, h ayhyan) - T'(geo, gp)) is defined to take the value as
0o (o )05 (Ao0) X B (o) Do (a10) 710, () )05 (ap) X B, (hp) Ap(ap)

And the matrix coefficient < ¢, 7((a.2', a,)) "' f > of the unitary representation (7, H) of

OO )

the product group G X G, is shown as

[ 6wl ) i)
/ / H(htochoct’s! By ayhyn) - T(gcs ) (5 )
((hZ,oshootis h aphypan) - T'(goo, Gp)) Voo (hoo) dvp(hy)
- / ., S st B aph) T,
F(ashzaschocass an by aphyan) - T(goos 9)) oo (hos) dip(hy)-
Then the average Ag(f) can be approximated by the matrix coefficient < ¢, 7((@eo, a,)) 1 f >:
v(B)Ap(f)(T(9s, 9p))— < &, (a0, ) "' f >
| o o P((hogtoohoo, hyy aphy) - T'(goo, gp))
Fl(ahosast, arthyay) dve (hoo) duy(hy)
- / [ ol byahy) Tl
(0 hZ Goohos 2, an  hy aphiypan) - T(goos 9p)) oo (o) duy(hy).
/ L Aoy ah) (g, )

(a hooast, ar thypan) — f((an ho oohocas, ar thy o Aphpn) - T(goos 9p))|

OO’TZ OO’TL

where by the non-expanding lemma [1]

f((a h- aoohooaoo , nlh aphpan)

= f((a ho otz as hooa St ar thy » AplnGy, Yhyan).

oo ) TL

Continuing the calculation above, it will be bounded by

W(B)Ap(f)(T (950, 9p))— < ¢, 7((acc, ap)) " f > < I f[leip - (T (goo, 9p))-
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