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1 Introduction

Throughout this draft, the p-adic group is denoted as G, = SL2(Q,), in which Q, is the
p-adic completion of the rational number Q. Denote the p-adic integers as Z,, where all
units are as Z*. R is identified as Q. and denotes G, = SLy(R). Let I' be a lattice of
G = G X Gp. We want to understand how the orbits of the analogue of horocyle flow
distribute over the homogeneous space X = I'\(Gs X G,), on which G x G, acts by
left translations, respectively, i.e. for a point z € X, z can be written as I'(g3,, g;), where

(9%, g;) is the representative of z. For any (guo, gp) € G, the action is defined as

['(95: 95)  (9oos Gp) = T'(959o0r 959p)-

Given each point z,, in the real homogeneous space I"\G., where I"” is a lattice of G,
the non-closed orbits starting from point z,, become asymptomatically equidistributed
on I"\G, as proven by Dani and Smillie [4, [5]. Later, around the early nineties, M.
Ratner completed the uniform distribution for unipotent flow in a series of papers over
real or S-adic Lie groups [13], 15], 14]. For this draft, we obtain the effective version of M.
Ratner’s results in the S-adic homogeneous space. In the interest of the effective version
of the equidistribution problem, over the real group G, with a cocompact lattice I, such
estimates were obtained by Burger [I]. Furthermore, in the more general space ["\G
that is non-compact but of finite volume, due to the existence of closed horocycle orbits,
which are dense in the homogeneous space I'\G4, the rate of convergence of non-closed
horocycle orbits is sensitively dependent on the starting point I'g..,which is known from
Strombergsson [16].

About the effective bound of the convergence rate of equidistribution of the non-closed
orbits of horocycle flow in the space X = I'\ (G X G,), here is the basic statement about
this problem: Let o : G — X be the natural projection defined by p(g) = I'g. For any
fixed point z € X, the projection o, : G — X is defined as p,(g) = zg. On G, or
G, we have the usual Haar measures fi, or j, induced from the corresponding invariant
differential form. For the product topological group G' = G X G,, the measure is defined
by product: pt = fiec ® p,. Also denote by 71 the G— invariant probability measure in X
induced by p, which is defined in the standard way.

Consider the subgroups of G, we define the maximal compact subgroup SLs(Z,) as K,



and

" 0
A, = {ap(w,n) — (wg w—1p—n> |n € Zsp and w € Z;},

Hy = {u(ty) = (; tf) ),
H, = {hp(tp) = <; ?) t, € @p}.

For the elements in A,, we shorten the notation as a, = a,(1,n). And we omit the
variables to shorten the notation to ay,hy,, h, if they are not needed in the context.
Similarly, subgroups of G, can be defined as follows: The maximal compact subgroup
SO(2,R) is denoted as K,

Ko = {r(60) = ( cos f sin@) 10 R,

—sinf cos®

goo/? 0
Aoo - {aoo(xoo) - ( 0 e—zoo/Q | Lo € |:R>0}7
1 to
Ho - {hoo(too) _ e € [R},
0 1
1 0
e = {2 - ( ) er)
i 1

Fix Haar measures vo, on Hy, and v, on H,, and v on H = H., x H,, given a function f

defined on the homogeneous space X, We want to study ergodic average,
1
A = — heo, hy) - 2)d
oD = 57 [ F(sy) - 2) v

for 2 = I'(¢eo, gp) € X that are not in any periodic Ho, X H, orbits, as the volume of
B = B, (Rx) X By(R,) growing, that is defined as follow:

Boo(Roo) = {hoo(tos) € Heo | |t<><>|oo < R},
By(Ry) = {hy(t,) € Hy | I, < Ry } .
The goal is to obtain the effective bound of the convergence rate of this average. In
the context of the product space X, a different methodology is required for the p-adic
component compared to an isolated homogeneous space in the real case. In our first

proof, the idea is a continuation of Margulis-Kleinbock thickening method [II]. The

benefits of p-adic place is that the smooth functions give us local constancy, which means

3



that our result is optimal in the sense of p-adic component. Here we used the Kunze-
Stein inequality, which was first studied by Cowling [3] and generalized to homogeneous
tree by Alessandro Veca [17]. Then combining with the well-known results for the real
component by Burger and Strombergsson [1I, [16], the quantative equidistribution of non-
closed horocycle orbits is shown in any non-compact but of finite volume homogeneous
space X.

In order to avoid the loss from the thickening process, the second proof using representa-
tion by Burger is given.

Is there more history about padic work. Then explain the structure of this
paper.

Other related work?

structure of this paper

In this paper, we want to study the quantitative estimate of the equidisbution of non-closed
horocycle orbits on S-adic homogeneous space where S is a finite subset of all possible
places. The first part is to estimate the distribution of non-closed orbits of horocycle flow
on a p-adic homogeneous space by Margulis’s thickening method [11]. In the second part
with more abstract representation theory, we can study the quantative equidistribution

of the horocycle flow in homogeneous space over R x Q,,.

2 Representation theory of GG

In this section, let us review the decay rate of the matrix coefficient of the unitary repre-

sentation of G, and the representation theory of the product group G x G.

Definition 1 (Tempered representation). Given a unitary representation (m, H,G), it is

called a tempered representation if there exists V dense in H, for any v € V and € > 0,
< 7(g)v,v >€ L**(Q).

There is a rough classification of the irreducible unitary representations of the p-adic

group G, with respect to the decay property of matrix coefficients.

Theorem 2.1 (Classification of representations of G, [10]). The unitary irreducible rep-
resentations of G, denoted by (w,H), fall into the following three categories: the trivial
representation g, the tempered representations (w,H), and the complementary series

representations (v°,Hs) for s € (0,1), i.e.
é; = {1} U {temerped 7 € C/;;} U{y*|se(0,1)}.
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For the tempered representation defined above [1] its matrix coefficient has a better decay
rate. For such a class of representations of the real or p-adic group, the matrix coefficient
is bounded by the Harish-Chandra function in [2]. And the explicit expression of the
p-adic Harish-Chandra function is shown in theorem 2.2 With the classification of the
representations of G, every irreducible representation corresponds to a spherical function.

And there is an explicit asymptotic formula for the spherical function @ in each case.
Definition 2 (Harish-Chandra function).
Definition 3 (Spherical function).

Theorem 2.2 (Asymptotic formulae of spherical functions [8]). If the representation
(m, Hr) of G} is tempered, then the Harish-Chandra function is

—n

=(a,) = pp (2n+1)(p—1)+2).

+1

Similarly, for the complementary series representation (v*, Hy) of G, the spherical func-

tion has the following bound,

pn(sfl)

1—p—s

®(a,) <

Theorem 2.3 (Decay rate of matrix coefficient of representation of G, = SLy(Q,) ). For
a wrreducible unitary representation (w, H) of G, then for any K,-finite vector ¢, ¢ in H,
such that

< 7(an)¢, 0 >< Vdr(@)dk (V)] |9]]2|[¢][2Dr (an).

in which a,, € A, and @, is denoted as the spherical function corresponding to the repre-

sentation .

For the unitary representation of the group G, x G, we need to introduce some basic
concepts and definitions. The study of unitary representation of G, is dependent on
Bargmann’s classification; more details can be found in [7]. The expression of a p-adic
representation is similar to the real part.

To study the general unitary representation, here is a short review of the direct integral
decomposition of unitary representation. The discussion begins with the unitary represen-
tation of Go. Let (Zw, 1z, ) be a Borel measure space, for each £o € Zoo, (Moo, Hooo)

is an irreducible unitary representation of G,. The direct integral

&

5]
Too = / Too,éoo Mizoe (§o0)s Hoo = | Hoo o Az, (§s0)

Zoo



is defined as a unitary representation (7., Hoo) of Goo. Fixed the basis

(1 0) (o 0) (0 1)
Y = ,X_ = , Xy = (2)
0 —1 10 0 0

of the corresponding Lie algebra g., of Go. And the Casimir operator is defined for the
C?-vectors in the Hilbert space H. by the formula

1
Qoo = —Z(YQ +2X, X +2X_X,).

And let A = —>" X2 € U(gs) where {X;} is any fixed basis of g.,. Then the closure

Too(A) of Too(A) is a self-adjoint operator on H., [12].
Given an irreducible unitary representation (T ¢, Hoo .. ) of G Where H, is a separable

complex Hilbert space with basis

Boo(be) = {01 = W (€) | n € B C 27},

In this case that my ¢, is irreducible, the Casimir operator 7o ¢, (o) = Nid acts as a
scalar on the space of smooth vectors HZZ . .

According to Bargmann’s classification of irreducible unitary representations of G,

1. when A > 0,X = 2Z, the irreducible representation (7o ¢, ) with &, is a principal

series representation or a complementary representation.
2. when A = 0,3 = {0}, it is just a trivial representation.

3. When/\:%(1—%),Zz{m,m+2,m+4,...}0r {-m,—m —2,—m—4,...} it

is a discrete series representation.

Now adopting the information of irreducible representations in decomposition, for almost
all € € Z, A = A(§), the Casimir operator

7T007§(QOO) = /\(f)id

in Ho ¢ which has a basis {gbf}:)g = ¢l (&) | n € Z}. And these bases can be chosen as

K —eigenvectors, i.e.

Moo (r(6) Dl = €00
The eigenvalue A can be parameterized as follows, for a unique number s = s({.,) such
that A = s(1 — s) and Re(s) > 3,Im(s) > 0. Then s € 3 +iR if A > %, s € (3,1] if
0<A<i,s€ZifA<O.



1. Z2 U Z¢ is discrete measure spaces, for trivial moo ¢ = 1, pz. ({éx}) = 1, for any
b €20 UZ™S,

2. Z7] is finite. And there exists unique { € Z", such that 7 ¢ is trivial. For all the

other £ € Z7*, we have s(¢) € (3,1),

3. For any € € Z¢ | 7. ¢ is principal series representation and s(§) € % + 1R >o.

Then given a Borel measure (Z, 1), the unitary representation (7, ) of the product group
G x G can be written as direct integral

[S5)
7T=/ Tooe ® Tpe dpiz(§),
Z

and the representation space is the Hilbert space H with direct integral decomposition

D
| Mo My dun(e)
Z

Now, in the direct integral H = fz@ Hooe @Hp e dpu(§), the He = Hoo ¢ ® Hy ¢ can be further
classified only with respect to the spectrum decomposition of H,; to the disjoint union
of Z=202m Uz

For each irreducible representation Hoo e, @ H, ¢, there are basis defined as

Poo(bc) = {05 = ) (€) | n € 23,
2,(6) = {o =3"(&) | n € Z}.
And the Hilbert space H,, ® H, contains all the functions f, ® f, defined on Z. In order
to make the definitions clearer, we use those pure tensor product functions to express the
formulae. The functions fo(§) ® f,(£) belong to the irreducible component Hoo ¢ @ Hy e
which are ®,, ® ®,-measurable, that is, < f.(§), (25525 > - < f,(8), qbgz) > is a measurable
function of (¢, &) for all n,m € Z. And all the ¢, ® ®,-measurable functions satisfy that

JIE@IPIAOI dr(e) < o0

We also assume that there exists a small eigenvalue A; in the spectrum of the Casimir

operator. And define s; by A\; = s1(1 — s1).

Definition 4 (decay expoenent of irreducible representation). Let s € (0,1). The com-

plementary series v° has an almost decay exponent

Kys =1—5

where s? is the eigenvalue of the Casimir operator. And the decay exponent of other

tempered irreducible representation is defined to be 1.

7



For a unitary representation (m, H) of Go, x G, with direct integral decomposition 7 =

[ Toce @ My e dpuz(§), there exist decay exponents

Koo = 1 — 500(5)7 Kpe =1— 317(5)7

for the irreducible family 7 ¢ and m,¢.

The matrix coefficient < 7(g)v, w > for ¢ = (¢, g,) and K-finite vectors v,w € H,

< / Too,& ® 7Tp,f(g) d/“'LZ(g) CU, W >
Z

:/ < Moo (Goo )V, We > + < Wy e(gpve, we) > dpz(§)
Z

For the general unitary representation (7, H, G X G,), the following theorem shows the

effective decay rate of its matrix coefficient [6].

Theorem 2.4. Given a unitary representation (mw,H), assume that there exists Ko, =
min(1 — s(§)) for the complementary series representations in the irreducible family mx ¢
and k, = min(1 — s(§)) same for the complementary series representations in the irre-

ducible family m,¢. Then for any K X Kp-finite vectors, we have

< w((an, ar))o,w >| < \/dKOO(v)dkoo(w)dkp(v)de(w)\Iv\|||w||Eoo(at)”°°Ep(g)“",

where Zo and =, are the Harish-Chandra functions.

3 Sobolev Embedding theorems and height

Other very important ingredients that are used later in the proof are Sobolev embedding
theorems, which require a careful estimation of the injective radius of the specific point.

To study the injective radius, in this section, we define the height function of any point
I'(goo, gp) € X.

Definition 5. Consider the Separable Hilbert space H., ®H, of functions fo, ® f, defined
on G X G, and the k-Sobolev norm W}, is defined with respect to the basis of Lie algebra
in

[1foo @ Follwie = [1(1 + moo (A)*2 focl| - 1 fpll2
The space of smooth vectors H* is dense in the space Wi(Hy ® H),) of finite Sobolev

norm.



The equivalent formulation of Sobolev norm above is

[1foo @ Fol Iy :/z Y M+ H O foos S >l dn€) - [1f,l13-

nex(§)

We consider the composition of the Hilbert space with respect to the classification of a

real unitary representation.

Lemma 1. Denote 20 = {¢ € Z° | s(€) € (3,1)}. And H° is defined to be an orthogonal
component of HS that corresponds to Z3. The other closed subspaces corresponding to

7" and Z are denoted H" and H, respectively.

So for f € H>™, the Sobolev norm of f can be calculated as

1115, = 1 follw, + el v + 11 Frsl v

since H°, H and H"* are all closed Hilbert subspaces.
Now we can start to introduce the Sobolev embedding theorem, beginning with the in-
jective radius. For the homogeneous space X = I'\G where T is of finite covolume and

G = G« x G, we recall the definition of injective radius: The distance d¢ is defined as

dc((9oos 9p), (Idoo, Idy)) = max{da._ (goo; Ids), d(gp, 1dy) },

and the distance dx is defined as

dx(T'(92, 95)5 T (goos 9p)) = yg max{dq., (Joos V9%), A (9p> V9p) }-

Definition 6. For any I'(g3,, g;) € X, there exists some 7 > 0 such that the map from

BrG = {g = (gooagp) €eG | dG((QOO?Qp)? (Idom[dp)) < 70}

to
BX(T(9%, 92)) = {T(gs, 9p) | dx (T (9%, 92): T (go0s 9p)) < 7}

defined by g — I'(g92,,95)g is an isometry.

To estimate the behavior of the injective radius in homogeneous space X, we define a

height function

b
fm(y2)

(T (s 5)) = 50, { = |2 = ) e W

where I'y, = {y € I' | vg, € SLy(Z,)}. By restricting the p-adic component to the com-
pact ball SLy(Z,), the height of the point I'(¢, g,) is controlled by the real component.
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Lemma 2. Given a fized point xo € X, there exists a positive constant depending on the

lattice I, the fized point xy and the g,, such that for any point I' (g, ),
ht(T(goos gp)) = edx (T(geo.p).20) (3)

Proof. This needs to be done. m

Lemma 3 (Sobolev Embedding theorem [9]). If F € W?(H) then f is a continuous
function on X, and for any point (I'(geo, gp)) € X,

|[F(T(goo: 9p))| <1 7T (Goc,g, ) 21 (W) 72| F ||z

Proof. By the classical results of Sobolev embedding theorem over the upper half plane, we
know that for any G € W?(H) and invariant under the action of open compact subgroup
W of SLy(Q,), then for fixed g,, G is continuous with respect to the real component.
And there exists a constant C(e, g,) > 0, for any go, € Goo,

|G (T (goo, 9p))I* < C(E)/ G + dG(y)|* + |AG(y)I* dy,

B(T'(go0,9p)€)

where B(I'(goc, 9p), €) = {I'(9% 9p)1dx (F(go0, 9p), T (950, 90)) < €}
From now on, in the discussion, we consider the fixed g,. For a point I'(9e, gp) in the

space X, denote by p(I'(ge, gp)) the radius of injectivity at the point I'(gs, gp)-

Let € < m, denote by Ay = {I'(goo, 9p) € X | p(I'(goo, gp)) > €} the open subset. When
the injective radius is chosen sufficiently small, the complement A§ consists of k£ connected
components, which are contained in T A4;, the unit tangent bundle of disjoint open cusps.
And those connected open subset around cusps have a horocycle orbit of length 2¢ as
their boundary.

Then by the Sobolev embedding theorem stated above, there exists a constant C(e, g,) >
0, such that for any point I'(¢eo, gp) € Ao, we have

|[F(T(goo, 90))I” < C(e,gp)/ [F@)* + 1dF (y)|* + |AF (y)|* dy.

B(F(goo 7917)76)

Let F be the lift of the function F to the space G X Gp/K« % K,, and by denoting
r = I'(goo,gp), T is denoted as the elements from the preimage of x+ € X under the
projection

Goo X G, = I'\(Gx x G)

Then
F(T(goor 9)) < Clergy) / F)P + |dE(y)P + |AF(y) dy.

B(Z,e€)
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By the property of height of the point I'(g~, g,) above , we know that the ball B(Z,¢€) C
G X G, covers the ball B(I'(goo, gp), €) less than [C'(e, gp)ht(I(goo, gp))] + 1 times where
obviously the height ht(I'(¢s, g,)) is bounded on A,.

In conclusion, we get

[F(T(goos 9p))| <€ ML (goos 99)) 2IF (T (-, gp))l sz,

where ||F(I'(+, gp))|| is meant to be Sobolev norm of real component with fixed g,.

Finally, we can show the complete Sobolev norm ||F||yys.z,

1F| 2y = / / IE T wgy))| Byns du

Gp/W Wap

=
ng

— [|FTC, g By - 1 (W)

In conclusion,
E T (goes 9| € BT (goerg)) 2005 (W) 2| sy
]

As in the same philosophy, we can show the other proofs about the Sobolev embedding
theorems for different functions corresponding to different Casirmir eigenvalues in the

spectrum decomposition of the representation.

Lemma 4 (Sobolev embedding theorem for cuspidal functions [16]). If FF € W3(H), and
F € Hy is cuspidal then the function F is pointwise bounded by

|F(T(go0r 9))| < |[Fllws - BT (9o, 9p)) ™21 (W) 712,

Lemma 5 (Sobolev embedding theorem for the residual eigenfuntion [16]). And Let £ €
Z7%, and let s = s(§) be the parameter of eigenvalue \ as defined above, then we have for

every F € W3(H) N He and any point T'(geo, gp) € X,

[F(T(goo: 99))| < || Fllws - Bt(T(goos 9p)) ' - (W)

11



4 Effective equidistribution of horocycle flow over the

homogenous space X

4.1 Statement of the main theorems

The theorem, which will be stated and demonstrated in this Section, aims to establish
the effective equidistribution of non-closed horocycle orbits over space X = I'\(G X G)).

The ergodic average of horocycle orbits starting from z., ® 2, is defined as

1

Ag(f, (200, 2p)) = m /B(WOO(hOO) @ Tp(hp)) (foo @ fp) (2005 2p) AVoo (oo )dVy(hy),

where f is an element of the space H = L?*(X), and the measure v(B) is specified by
Voo (Boo (1)) vp(Bp(p™))-

Theorem 4.1 (Convergence rate of equidistribution of orbits over real and p-adic field).
For a unitary representation (w, H) of the group G x G, with the smallest eigenvalue
)\17

The theorem needs more work which is similar to Strombergsson’s paper. We

need to deal with some kinda conditions on the starting point.

4.2 Proof of the theorem [4.7]

Proof. Here we recall the decomposition of the representation space H from the above
lemma [1]

= / He duz(€),

therefore the theorem is proved by considering { € Z9 U Z"™, ¢ € Z° and £ € Z. The
smooth vectors H*>® C H are dense, so, with loss of generality, we can assume that all our
functions are smooth.
With an orthogonal basis {qﬁg?g = ¢%(€) | n € Z}, of the Hilbert space He, the vector
f € H¢ can be written

F=" el 1. (4)

nex(¢)

And Denote Ag(f)(I'(gso, 9p)) by the horocycle average

v(B) /Bf((hoov hp) - T(goos gp)) dvoo (hoo )V (hyp)-

12



Since

1
5 / £ ((hoon hy) - Tgoer 6p) dvoa (hoo) ()

1
<o / 1 ((hoos By) - T(Goon 9))] dvoa (o)),

then the Sobolev embedding theorems above can be plugged in here to control | f((hoo, hy)-
I'(9s0 9p))| by Sobolev norms.

A lot of words is missing, more details are needed to explain those formulae.
And another very important ingredient of our proof is the key lemma from Burger [1]:
Fix a number ) > 1. For each y > 1, we define F}, and S, to be the intertwining
operators H — H which are determined, via the integral decomposition of H, by the

following functions Z — C,

251
fy(§) = 2;1%, if s = %, (5)
Y s, ifsezZ",
ys;:@{s, if Re(s) < 1,s # %,
s(€) = { oz, st 0
0, ifsezZ",

And also, for each y > 0, one more intertwining operator 7, : H — H is determined by

Sy<€)7 if Re(s) < 17y Z 1’
ty(f) = 0, ifRes < Ly <1, g
gl <max(1,y)11_*22:fy1’25) , if s € Z*.

The bounds of such functions are obtained by Buger [1],

2+logy log y
SUPEGZBUZ6t|fy(€)| < W? SUPéeZO_Uth|3y(§)| < \/y , for any y > 1, (8)
21o + 10
swp [ty(6)] < 2B gy y e (0.0)] )

cez0uzet \/m
In view of the estimates established in the equation above and the finiteness of the sets
75 and 7", we deduce that the operators F), S,, and T, are bounded from H to H for
each fixed y. Furthermore, for each k& > 0, these operators are bounded from W (H) to
Wy (H) and are continuous from H* into H*. The continuity of ¢,({) with respect to v,

uniformly in (, can be uniformly bounded; that is to say, for each prescribed y, > 0,

sup |t,(¢) — ty, (C)] = 0 as y — yo.
cez
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As a consequence of this, the operator T}, is continuous in y with respect to the operator

norm within each space Wy(H), where k > 0, with
1Ty — TyoHW,C —0asy — yo.

The corresponding integral representation is as follows: Given a unitary representation
(m,H,SLy(R)), for any Y > 1 and T > 0, we have

/ oo)) f dt = —/ hootos (V) Fy(f) dt

57 7T(hooaoo(3)))53;(d7T(Y))f dt (10)

I / 1 7l (D)o () Ty (X)) .

where he, = heo(t), and the definition of hy, and a., are from . And to adopt this equa-
tion in the S -adic setting, the derivative Lie with respect to the unitary representation

(m,H,Gs x G,) is defined as follows, for any f € H with the chosen basis of Lie algebra

in 2
dﬂ'(Y)f — lim W(GXp(tY), ]dp)f — f

t—0 t

So when £ € Z¢ such that f € H, in this case for any £ € Z, s € % +iR. We may here
replace the integral foy in the last line by fly.For every fixed point I'(¢~,g,) € X, the
map f +— f(I'(goo, gp)) is a linear functional on H>°.Then the lemma of Burger above can
be also rewritten in the format of functions with point-wise evaluation, given a unitary

representation (m, H, Go X G)), for a function f € H and any point I'(geo, gp),

/B | (U, 1) T (g, 7)) v (e ()
= [ [y )T (0 50) e 1)
_E/B/ d[Sydm(Y) f1((hootoo (V) hp)T (goos 9p))dWoo (heo )V (hy) (11)

// ([T dm (X)) f((aco (), hp)T(goos p))

— [T, dm (X-) F]((heo(T)ace(y))s hep)T (goos 9p)) dydvp(hy).

The first three terms constitute integrals over the interval [0, 7] with respect to the H>-
valued integrands, which are continuous mappings into H*°. The continuity of these
mappings guarantees the well-defined nature of the integrals in the Banach space H*>. In

a similar manner, the integrand corresponding to the final term is a continuous mapping
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from (0, )] into H>°. By considering the truncated integral f€ y, for an arbitrary € > 0, we
ensure the well-definedness of the final integral within 2. Moreover, as € tends to zero,
the convergence of this integral within A is guaranteed by the uniform boundedness of
the integrand’s norm over the interval (0, Y], with respect to the norm denoted by || - ||.

Let’s consider the first case, when ¢ € Z¢ such that f € H, by using the lemma, we

have

|AB(f)(T(gos, 9p))| <

1
V(B (W12
< / (oo o)) Fl 1 - T (Gs 90))72 e (o)

Plugging the formula of expansion of f above,

/B (e o)) Fl v @00 (P ()

// chﬁ%oé ) 00 @ mpe () f2) dpz (©)||  dvee(hoo)vp(hy)

W3

/ L2 lenel? / 70,6 (oc) - X0l w1 ) £ |2 v (oo ) ) dpz (€)

nex(§)

And from the results above, we also have [[Fyf|,, < 2+l°gYH fllws.  Similarly,
1Sy dr(H) flly, < %=1 fllw, and [T,dr (X-) flly, < 1ffyy||f||w4 for all y > 1. Com-
bining with the integral formula [11] and assuming ) = T', we have explicit bound of the

Sobolev norm,

/ 1Fy (Moo (rootion )60

oo

— |19y £ (V) (T (hooos (V)02 I, = Bt (hooioe (P)T (oo, 9p)) "/ dvves (hoc)
< (1402 +[5(6))2(1 +log TIWT - ht((aeo(T), Idy)T(goo, 9p)) 2

Here we need a lemma on the property of height function since the point
changes within the integral formula.

and the last part of the integral formula has bound,

Y
/O 1Ty A 0,6 (X2 ) (oo, (hoottoo (V) S 1y Voo (o)

<(nt 4R | kﬁy (oo (T)T (g0, g5)) /2 dy

As for the p-adic integral pr||7rp’5fp7§H2 dh, is bounded by

/ || 7p.e foell2 dhy < dythe bound from matrix coefficient has to be rewritten.
By

15



Finally we obtain the bound of the average when & € Z¢,

/B (oo i) 1l (oo ()

N[

o BBy () (o)l

The next step is considering § € ZY UZ"*, in this case it becomes simpler since Z0 UZ" are
finite, which means that every H, is a closed subspace. Similarly, we want to estimate the
component of the integral formula, where the detailed argument about the spectral gap
can be found in [16]. And also ||Fyf||W3 < Y5 U fllws, ||Syd7r(]:l)f||w3 <r Y5 U fliwa,
and || T,dm (X-) flly, <r v~ ' fllw, forally = 1.

Then the horocycle average with function f € @ 200 zrs He is bounded,

1
v(B) /B S ((hooy hp)T (9o, p)) Voo (oo )V (hy)

L voo(B) T p(By) T P E(an) | fllw

At the end, we study the case f € H_, by a similar argument as in Burger[I], It follows
from Lemma 2.2 that the supremum norm N(f) = sup,er\¢ |f(p)] is a well-defined and

continuous function on H, NH>*. Write

ve = [ 1= m D)@, (drg (X-) 62) dy € 1y 09

then the last line in (23) is the same as vy = lim. 04 v. (limit in the norm || - || ). The

norm N is clearly invariant under 7(g), for all g € G, and hence by Lemma 2.2 and (22)

Y
NS 7 [N Trs (X-) 1) dy

VY log(Y + 1)
T

2 Y
<r g [ T (X0) flly, dy < e

Similar estimates also show that {”Ujfl};il is a Cauchy sequence with respect to the
norm N(-). Hence there is a function w in C,(I'\G), the space of bounded continuous
functions on X, such that N (vj-1 —w) — 0 as j — co. But using the fact that [jv]| =
Vvol(X) - N(v) for all v € Cy(T'\G), we see that we must have w = vy, and hence
N (1) = limsoe N (05-1) < T T log(Y + 1) - | fllws.

In the meanwhile, the other component in the integral formula is dealt more easily since

they are convergent in H°.
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’_B / F (oo, Byp)T(Goos 9p)) e (oo ) ()
( . log(T )yp@p) V2dhyE (a)' | £l
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